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Abstract 

We investigate the thermodynamics of black hole in the deformed Horava-Lifshitz gravity with 
coupling constant A = 1. We show that the thermodynamic behavior of the black hole is very similar 



to that of the Reissner-Norstrom (RN) black hole with regarding J ^- as a new thermodynamic 



parameter, where uj is a parameter in the Horava-Lifshitz gravity. Furthermore, we also obtain the 
Ruppeiner geometry of the Kehagias-Sfetsos black hole. The results are very different from the 
RN black hole, which mainly due to the different gravity theory. 
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I. INTRODUCTION 



Motivated by Lifshitz theory in solid state physics [1], Hofava proposed a new gravity 
theory at a Lifshitz point 2|-|4|, referred as the Hofava-Lifshitz (HL) theory. It has manifest 
three dimensional spatial general covariance and time reparametrization invariance. This is 
a non-relativistic renormalizable theory of gravity and recovers the four dimensional general 
covariance only in an infrared limit. HL gravity provides an interesting classical and quantum 
field theory framework, where one can address some interesting questions and explore several 
connections to ordinary gravity or string theory. 

The black hole solutions in the gravity theory have attracted much attention. The spheri- 
cally symmetric black hole solution with a dynamical parameter A in asymptotically Lifshitz 

n 

spacetimes was first given by Lit, Mei and Pope [5j. Subsequently, other black hole solutions 
and cosmological solutions were obtained and studied {(3- 19]. The studies also focused on 
;he thermodynamic properties and dynamical properties of different black hole solutions 



It is interesting that there exists a logarithmic term in the entropy/area relation for the 
deformed HL gravity, i.e., S = j + Mn^. The logarithmic term can be regarded as a 
unique feature of the black holes in the HL gravity. In 4o|, the author suggested that this 
logarithmic term can be interpreted as the GUP-inspired black hole entropy and showed a 
duality in the entropy between the Kehagias-Sfetsos (KS) black hole and the GUP-inspired 
Schwarzschild black hole. In fact, there are different entropy/area relations for different 
generalized gravity theories and the logarithmic term is just the feature of the HL gravity 
theory. 

Comparing the KS black hole parameters (M,u) with the RN black hole ones (m,Q), 
one will find a strong correspondence, i.e. M •<->■ m and ± <-> Q 2 [40, |42j. This implies 
that J± may behave as a new charge-like thermodynamic quantity. In this letter, we will 
regard it as a new thermodynamic quantity and give a detailed comparison between the KS 
black hole and the RN black hole. The results show that the thermodynamics of the KS 
black holes is very similar to that of the RN one. 

On the other hand, we give a detailed study on the Ruppeiner geometry of the KS black 



hole. The Ruppeiner geometry 



45j | is generally considered to have physical meanings in 



the fluctuation theory of thermodynamics, and the components of the inverse Ruppeiner 



2 



metric give second moments of fluctuations. The Ruppeiner geometry has been used to 
study the ideal gas and the van der Waals gas. The results show that the curvature vanishes 
for the ideal gas. While for the van der Waals gas, it is non-zero and divergent, where 



the phase transitions take place 



46| . Thus the Ruppeiner geometry as a way to explore 



the thermodynamics and phase transition structure of black holes has been widely used. 
However, it fails to give corrected descriptions for the BTZ and RN (RN-like) black holes. 
The Ruppeiner curvatures for the BTZ and RN black holes vanish, which means there are no 



thermodynamic interaction and no phase transition point [47H55| . Recalling the similarity 
between the RN black hole and the KS black hole, it is natural to ask how the Ruppeiner 
curvature of the KS black hole behaves. Does the Ruppeiner curvature of the KS black hole 
still vanish? With the question, we will carry the explicit calculation. Different from the 
KS black hole, the results give a non-vanished curvature, which implies the existences of 
the thermodynamic interaction and a non-flat phase space. The different behaviors of the 
Ruppeiner curvatures between the RN black hole and the KS black hole are mainly due to 
the difference of the gravity theories. 

The letter is organized as follows. In Section HIl we briefly review the KS black hole 
solutions in the deformed HL gravity. In Section [TTTl through defining a new thermodynamic 
parameter P = \J^, we give a comparison between the KS black hole and the RN black 
hole. The behaviors of the thermodynamic quantities for both the black holes are similar 
to each other. The Ruppeiner geometry is studied in Section IIV1 Although there is the 
similarity between the two black holes, their thermodynamic geometries are very different. 
For the RN black hole, the Ruppeiner curvature vanishes. While, it is non-zero for the KS 
black hole, which implies there exists thermodynamic interactions and phase transition may 
take place at some points. Finally, the paper ends with a brief summary. 



II. BLACK HOLE SOLUTIONS IN HORAVA-LIFSHITZ GRAVITY 

Recently, a new gravity theory known as HL gravity was proposed jl, 2], which can be 
thought as a UV complete candidate for general relativity. So, in this section, we will give 
a brief introduction to it. With the (3+1) dimensional ADM formalism, the general metric 
can be written in following form 56]: 



ds 2 = -N 2 dt 2 + gij (dx i + Wdt) (dx j + N j dt) . 



(1) 



The extrinsic curvature can be constructed with the dynamic variables N, N*, and 
metric gif 

Kij = ^ {Ma ~ - V s Ni) , (2) 
where the dot denotes a derivative with respect to the time-like coordinate t. The action of 
the IR modified HL gravity can be expressed as 9] 

Shl = J dtdx { (Cq + A) , (3) 

and the Lagrangians Co and C\ are given by 

k ' 8(1 - 3A) v ; 

32(1 - 3A) V ; 2w 4 V 2 iJ J V 2 / P ' v J 

where k 2 , A, /i and w are constant parameters, and i?^ are three dimensional spatial 
Ricci scalar and Ricci tensor, respectively. The Cotton tensor is defined as 

C^ = e^V k (R{-\R8\\. (6) 

In the IR limit, the action ([3]) should be reduced to the Einstein-Hilbert action of general 
relativity 



^ J d A x Ny/giKylC* -K 2 - 2A). (7) 
Comparing (j3J) with (j7]) and taking the choice A w — > and A = 1, we obtain the following 



SEH= 16ttG 



relations 

2 = ^V G= JlL (8) 
2 ' 32ttc' v ; 

where c, G and A are the speed of light, Newton's constant, and the cosmo logical constant, 
respectively. The modified HL gravity with the soft violation term fi 4 R^ introduced in (jHJ) 
and the limit Aw — > taken in (T4|) is called the "deformed HL gravity" . The spherically 
symmetric solution in the modified HL gravity with N l = could be obtained with the 
metric ansatz 

ds 2 HL = -N 2 (r) dt 2 + Jj^dr 2 + r2 (d9 2 + sin 2 Odcj) 2 ). (9) 

With this metric ansatz, varying the action ([3]) with N(r) and f(r) respectively, one will 
obtain the KS black hole solution 9]: 

N 2 = f = l + cor 2 - ^/r(u 2 r 3 + 4uM), (10) 

where the parameter M is related to the mass of the KS black hole. 



III. THERMODYNAMICS OF THE KS BLACK HOLES VS. THE RN BLACK 
HOLE 



In this section, we would like to investigate the thermodynamics of the KS black hole in 
the deformed HL gravity and give a brief comparison between the KS black hole and the 
RN black hole. 



It was argued in 27], |40|, |42j that the quantity \ behaviors as a charge-like parameter. 



So, we denote P = y and consider it as a new parameter in the black hole thermody- 
namics. Then the metric function ([TO]) will be of the form 



- 2 / r 4 2 Mr 

N 2 (r, P) = f(r, P) = 1 + — 2 - yj — A + . (11) 

When expanding the metric function at large r, the solution will become the Schwarzschild 
case: 

= ! + (») 

S 

With the solution (110j) . a straightforward calculation gives 

12 (2MP 2 + r 3 ] 



216M 3 P 6 + 148M 2 P 4 r 3 + r 9 



P 4 r 3 (8MP 2 + r 3 ) 3 
-y^ (8MP 2 + r 3 ) (80M 2 P 4 r + 18MP 2 r 4 + r 7 ) + 22MP 

While for the RN black hole we have 



2 r e 



.(13) 



(P-iWW « 8(7g4 ' 12M r f + 6MV) - (14) 

Form fTl3|) and f JT4|) . we could see that both the curvatures are singular at r = 0. Since 
the scalar curvature is a coordinate transformation invariant, the singularity can not be 
removed by any coordinate transformations. The outer(inner) horizon for the KS black hole 
is determined by f(r, P) = 0, which gives 

r± = M± VM 2 - P 2 . (15) 

This implies that the KS black hole has two horizons, a degenerated horizon and a naked 
singularity for M 2 > P 2 , M 2 = P 2 and M 2 < P 2 , respectively. Assuming the existence of 
the black hole horizon, the mass parameter M(r + , P) can be expressed as 

M = r -±+*- = r -±±±. (16) 
2 2r + 2 v ; 
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Note that the charge-like parameter P satisfies P 2 = r_|_r_. The Hawking temperature T is 
defined as 

rl-P 2 



T, 



KS 



f'(r) 



Air 



r=r_|_ 



Anr+{2P 2 + r 2 + 
r + — r_ 



(17) 



At the extreme case 



47rr + (r + + 2r_) 

r_, the temperature T will vanish. Finally, the heat capacity is 



defined by Cks = (4t)p with fixed P and takes the form 



C 



KS 



2vr(2P 2 



rV) 2 (r 2 , 



P 2 



5P 2 r 2 -ri + 2P 4 



2iir + (r + + 2r_ 



(18) 



5r + r_ — r+ + 2r 2 _ 

It is clear that the heat capacity Cks approaches to zero as the black hole trends to the 
extreme case. It has a divergence point when the 5P 2 r^_ — r+ + 2P 4 = is satisfied. By 
employing the first law of black hole thermodynamics dM = TdS + VpdP, we obtain the 
entropy of KS black hole: 



S 



KS 



-dM- f—dP 

t It 



7irl + 27iP 2 lnri + So 



(19) 



where So is an integration constant and can be fixed by the boundary condition. The entropy 
can also be written in the form of 



S 



KS 



A 

1 



2nP 2 In • 



A 



(20) 



Here A = Anr 2 ^ is the outer horizon area and Aq is a constant with dimension of area. From 
( |20l) . one can see that the Bekenstein-Hawking entropy/area law is modified by the second 



21 



29. 



33 



40j. As the 



term in the deformed HL gravity. This result consists with that of 
charge-like parameter P — > 0, it will recover the Bekenstein-Hawking entropy/area law. This 
logarithmic term represents a feature of black holes in the deformed HL gravity. Generally, 
the Bekenstein-Hawking entropy/area is strictly held in Einstein gravity. However, it has 
a modified form for a generalized gravity. The law will recover as the generalized gravity 
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degenerates to Einstein gravity. We list the entropy/area laws for different generalized 
gravities |57| . 



Sgb ~4G 



Sl = 
Sf = 

SsT 



l + 2(D-2)(D-3)a GB 
n(D - 2) 



.4 



E 



D-2 



A fib 

Ay 

4G^ D-2n 

n=l 

A 



■C n (k L r + 



-2\n-l 



AG 
A 

" AG 



p ST (d+i) 

' 2 



, (Gauss-Bonnet gravity) 
(Lovelock gravity) 
(f(R) gravity) 
(Scalar- Tensor gravity) 



Like the parameter P in the deformed HL gravity, acB, ki, f(Ro) and (3st are the character- 
istic parameters for different gravities, respectively. If taking proper values, the entropy/area 
law will be the standard Bekenstein-Hawking entropy/area law. On the other hand, these 
non-linear entropy/area relations have effect on the quantization of the black hole entropy 
and area. In Einstein gravity, an equidistant area spectrum implies an equidistant entropy 
spectra. While in a generalized gravity theory, this result does not hold any more and the 



detail discussions can be found in 



58 



SH60jj. For a black hole in the deformed HL gravity, the 
quantization of entropy had been investigated recently in Q, where it was shown that the 
entropy spectrum is equally spaced. For the entropy/area law in the HL gravity, the area 
spectrum is not equally spaced. 

The temperature and heat capacity for the RN black hole are given by 

Rm — R— 



Trn 
Crn 



4nR 2 + ' 
2nR 2 + (R + 



R. 



(21) 
(22) 



3i?_ — i?+ 

respectively, where R + (R-) denotes the outer (inner) horizon of the RN black hole. Different 
from the KS black hole, the Bekenstein-Hawking entropy/area law is strictly held, i.e., 
S = 4. The outer and inner horizons of RN black hole can be written in the form of mass 



and charge 



Ra 



m 



Q 2 



(23) 



Comparing with (11 5p . it is clear that P plays the role of a charge-like parameter. The 
temperature and the heat capacity can be expressed in the radius of the outer or inner 



horizon for both the KS black hole and the RN black hole. The behaviors are plotted in 
Figs. ([1]) and ([2]). From Fig. one can see that the behaviors of the temperatures for 
both the black holes are the same at small and large limits in r + /R + . They start from zero 
for the extremal black holes, then monotonically increase and reach its maximum at some 
horizon radius, and lastly monotonically decrease forever as the horizon radius increasing. 
The only difference is the maximum value of the temperatures. The behaviors of the heat 
capacities start from zero for the extremal black holes and then monotonically increase to 
+00 near the divergence points. Subsequently, both the heat capacities increase from —00 
to some negative values and then decrease forever. The behavior of entropy for the RN black 
hole is a standard parabola, while there is a little violation for the KS one. The behaviors 
of the entropy can be found in Fig. (j3J). 



T KS (r + ),T RN (R + ) 
0.0020 

0.0015 

0.0010 

0.0005 - 




200 



rJR + 



FIG. 1: The behaviors of the temperatures TKs( r +), Trn(R + ) vs. the outer horizon r + /R + with 
the fixed inner horizon r_ = i?_ = 10. The thin line is for the KS black hole and the thick one for 
the RN black hole. 

Assuming a black hole is surrounded by the thermal radiation with the same temperature, 
the heat balance conditions will require the heat capacity of the black hole to be positive. 
This means that the positive heat capacity can guarantee a stable black hole to exist in 
thermal bath. The negative heat capacity will make the black hole disappears when a 
perturbation included. Form Fig. (j2J), we can see that the small RN and KS black holes are 
stable. While the large ones can not exist stably in thermal bath. 



S 




FIG. 2: The behaviors of the heat capacities Cks(j~+)i Crn(R+) vs. the outer horizon r + /R + 
with the fixed inner horizon r_ = i2_ = 10. The thin line is for the KS black hole and the thick 
one for the RN black hole. 

S KS (r + ),S m (R + ) 
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FIG. 3: The behaviors of the entropies SKs(f+)^ Srn(R+) vs. the outer horizon r + /R + with the 
fixed inner horizon r_ = i?_ = 10. The thin line is for the KS black hole and the thick one for the 
RN black hole. 

IV. THERMODYNAMIC GEOMETRY OF THE KS BLACK HOLE 

In this section, we would like to investigate the Ruppeiner geometry of the KS black hole. 
Ruppeiner metric is denned as the second derivatives of entropy S with respect to the mass 
and other extensive quantities of a thermodynamic system. Different form the Weinhold one, 
the Ruppeiner geometry is generally considered to have physical meanings in the fluctuation 
theory of thermodynamics and the components of the inverse Ruppeiner metric give second 
moments of fluctuations. The Ruppeiner geometry as a way to explore the black hole 
thermodynamics has been widely used. However, it fails to give correct descriptions for 
the BTZ and RN (RN-like) black holes. The Ruppeiner curvatures for the BTZ and RN 
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black holes vanish, which means that there exists no thermodynamic interaction and phase 
transition point. In the previous section, we have shown that the KS black hole is similar to 
the RN one. Accordingly, how does the Ruppeiner geometry behave for the KS black hole? 
Therefore, we start this section with this question. 

The Ruppeiner thermodynamic metric for the KS black hole reads 

d 2 S 

ds 2 R = Qijdxidxj = — — — - — dx l dx j , (i. j — 1,2.) (24) 

OXiOXj 

with X\ = M, X2 = P- Combining (1151) and (I19p . we obtain a Bekenstein-Smarr-like formula 
S KS = tt(M + VM 2 - P 2 ) 2 + 4vrP 2 ln(M + VM 2 - P 2 ) . (25) 



Thus, the Ruppeiner metric can be obtained through (1241) . With r + and r_, the metric 
reads 

87ir + (r 2 _ — 5r_r + — 2r 2 _) 



9n 



(r + — r_) 



3 



Rr = ^--r, +A ,_-r„ + ,--r, + , - 2 . (27) 



IQir x /¥Zr^{r 2 _ + r + r_ + ri) 

012 = 021 = - ( rg , 26 

(r + — r-)^ 

47r(6r 3 — 5r + r 2 + 10r 2 r_ + r\ ) 
922 = - t vg 87rln(r + ). 

(r+ — r_) d 

It is clear that r + = r_ is singular for the metric. So, the Ruppeiner metric is useless to 
describe an extreme black hole and we will restrict our discussion on the non-extreme black 
hole. A direct calculation shows that the Ruppeiner curvature is 

(2r_ + r + )(r 2 + 7r + r_ + rj_) 
7rr + [4r 2 + 16r + r_ + r\ + 2(2r 2 _ + 5r + r_ — r\) lnr^ 

Curiously, there exists a logarithmic term in the denominator of the curvature, which may 
be explained by the gravity theory. The logarithmic term will absent at the divergence point 
of the heat capacity Chl, i-e., 2r 2 _ + 5r + r_ — rj_ = 0. It can also be seen that the curvature 
is always positive and non-zero. This result is very different from the RN black hole, whose 
Ruppeiner curvature is zero. The non-vanished curvature implies the statistical system is 
interacting. Fig. H] shows the Ruppeiner curvature scalar plotted against the outer horizon 
of the KS black hole. We restrict to the range r + > r_ where the result can be trusted. We 
have checked that the curvature scalar becomes smaller when increasing the inner horizon 
r_, while the shape of the graph is unchanged. 



10 



Now, we have obtained the Ruppeiner curvature of the KS black hole. Although its ther- 
modynamics is similar to the RN black hole, its thermodynamic geometry is very different 
from the later one. One possible reason may be the difference between the gravity theories. 

0.00035 : 
0.00030 : 
0.00025 ■ 
0.00020 : 
0.00015 ■ 
0.00010 : 
0.00005 ; 

10 20 30 40 50 60 70 

FIG. 4: The behavior of the Ruppeiner curvature R r {r + ) for the KS black hole with r_ = 10. For 
the RN black hole, the Ruppeiner curvature is zero. 




V. SUMMARY 

In this letter, we have investigated the thermodynamics of the KS black hole with regard- 
ing P = \/ 2b as a new thermodynamic parameter. We obtain the entropy/area relation 



S = j + 2nP' 2 In with a logarithmic term, which consists with that of |21l . [33 1. We 
also give a detailed comparison between the RN black hole and the KS black hole. The 
thermodynamic quantities behave very similar to each other. We also study the Ruppeiner 
geometry of the KS black hole in the deformed HL gravity. The geometry reproduces a 
non-zero Ruppeiner curvature, which is different from the RN black hole with a zero Rup- 
peiner curvature. The non-zero curvature implies there exists thermodynamic interactions 
and phase transition may take place at some points. Although there is the similarity of 
the thermodynamics between the RN black hole and the KS black hole, their Ruppeiner 
geometries are very different. We attribute the reason to the difference of the two gravity 
theories. 
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